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Abstract—The probiem of laminar combined forced and free-convection heat transfer from a vertical thin
needle in a variable external stream is considered. The similarity solutions for needles with isothermal
walls and needles with uniform wall heat fluxes have been obtained. For a given value of the needle size,
the flow and heat transfer behaviours are similar to those encountered with flat plates. The Nusselt number
and the skin-friction coefficients increase with decreasing needle sizes for assigned values of Prandtl
number, local Reynolds number, and local Grashof number.
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NOMENCLATURE

needle sizes;

transformation constants;

local skin-friction coefficient;
transformed streamfunction for iso-
thermal wall needle;

transformed streamfunction for
uniform wall heat flux needle;
acceleration due to gravity;

local Grashof number for iso-
thermal needle

g.ht, —t,)x*
V2

2

local Grashof number for uniform
wall-flux needle

g9,Bq,x*
2 s

ov
transformed non-dimensional tem-
perature function for uniform wall-
flux needle;

local Nusselt number;

local pressure in the fluid;

Prandtl number v/x;

heat flux at the wall;

Greek
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radial coordinate;

local Reynolds number U(x) x/v;
local and free-stream fluid tem-
peratures respectively;

local axial and free-stream variable
axial velocities respectively;

a constant;

radial component of velocity;
axial coordinate;

transformed independent similarity
variable for uniform wall-flux
needle.

thermal conductivity;

coefficient of thermal expansion;
transformed temperature function
for isothermal needle;

a parameter Gr,./Re>?;
axisymmetric streamfunction for
uniform wall-flux needle;
transformed independent similarity
variable for isothermal needle;
axisymmetric streamfunction for
isothermal needle;

a parameter Gr /Re?;
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v, kinematic viscosity;
K, thermal diffusivity;
0, ambient fluid temperature.
Superscript
’ ordinary differentiation with respect
to  transformed  independent
variable.
Subscripts
1, transformed variables with very
large values of either 4 or I';
w, wall conditions;
X, local values at a given x.
INTRODUCTION

THE HEAT transfer from a vertical flat plate in a
variable stream and under the action of gravity
has been studied numerically by Sparrow et al.
[1] and by Brindley [2] using Meskyn’s
analytical methods. The problem of forced heat
transfer from a thin horizontal needle in a
uniform stream has been investigated by Mark
[3]. Tam [4] and by us [ 5]. Free-convection heat
transfer from an isothermal vertical needle and
from a uniform wall flux vertical needle under
the influence of gravity has been analyzed by
Cebeci and Na [6] and by us [7] respectively.
These problems are closely related to similar
heat transfer problems from thin vertical
cylinders. Sparrow and Gregg [8], Nagendra
et al. [9], and Fujii and Uehara [10] have con-
sidered the heat transfer from vertical cylinders
under different boundary conditions. Presently
we have studied the heat transfer from vertical
thin needles when a variable stream is imposed
on the gravity-induced convection under two
distinct boundary conditions, i.e. (i) the needles
with isothermal walls, and, (i) needles with
uniform wall heat fluxes. Similarity solutions
have been obtained under different restrictions
on the shapes of the needles and on the axial
variation of free-stream velocity in the two
different cases considered. The assumed bound-
ary layer approximation is valid [5-9] for the

JAI PRAKASH NARAIN and MAHINDER S. UBEROI

flow over these thin needles provided the size of
the needle does not exceed the thickness of the
boundary layer over it. Clearly this approxima-
tion fails near the front stagnation point of the
needles and it would be valid only away from the
stagnation point. The flow over such needles
has considerable importance as these “needles”
could be identified with very small diameter
cylinders such as “wires” and the “sensors™ of
hot-wire anemometers.

ANALYSIS

It has been shown [5-9] that the effect of
transverse curvature cannot be neglected in such
flows. Due to variable axial free-stream, an
axial pressure gradient is also imposed inside
the boundary layer. Retaining these effects, the
equations governing the steady laminar flow in
Boussinesq approximation are,

oru)  Orv)
ax o 0 o
du ou 1dp
U'a; UE— _;5;4_9“,“[*[“’)
+ v 6—2-2 + L ou 2
or2 ' ror @
@+ faf_.,c 6_2£+16t (3)
“x Tt TG T
and,
lop dU(x)
pdx U(x) ax 4

(1) Isothermal wall needles

Introducing the definition of axisymmetric
streamfunction ¥, we transform the equations
(1)(4) with the help of the following trans-
formations,

lll = XVf(ﬂ), t— tw = (tw - tw) 6(")»

2
—u xt = (%=
Ux) = u_x*, ] (v e

(5)
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The surfaces of constant = a correspond to the
surfaces of revolution and henceforth would be
mentioned as the walls of the needles. Equation
(5) transforms equations (1)-(4) to,

8nfn/ + 8fu + 4ﬂu _ 2f/2 + 10 + % — (6)
70" + (1 + 1Prf) 6 = 0. %)

The parameter 1 is a measure of relative im-
portance of free-convection over forced-con-
vection. It is given by,

1< 9P, — 1) _ Gr,
ul " Re¥

o0

®

The proper boundary conditions could be
obtained as,

f@) = f'a) = b(a) = 1
f(0) =3 6(c0) =

When 4 is large, the free-convection becomes
dominant over the forced-convection. In such
a case, we use a transformation following [2],

¢1 = val(?}l}, t - tw = ( =1 )91(7?1)
RER

The corresponding transformed similarity equa-
tions are,

8n 1 + &) +4f fY — 22

©)

and

(10)

1
+91 +ﬂ=0

1,07 + (1 + 3Prf)6, = 0.

an
12)

The boundary conditions in these transforma-
tions are,

f1(a1) = f;(al) =0,
fi(0) =

0,(a,) = 10
(13)

and, 8(w0) =

2J(A)

When 4 — oo, equations (11) and (12) are similar
to those obtained by Cebeci and Na [6].
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(ii) Uniform wall heat flux needle

Let g, be the uniform heat flux through the
walls of the heated needle and ¢ be the axi-
symmetric streamfunction in the present case.
We use the following similarity transformations,

¢ =xvglz), t—t, = ZTW \/ (i;) x*h(z)

(14)
z= “wf_i and, U(x)=u_x%
The similarity equations are,
829" + 8¢" + 499" — 2g* + Th+ 2 =0 (15)
zh” + K1 + EP"Q) — 1oPrhg =0. (16)

The parameter I' measures the relative strength
of free-convection over the forced convective
flow and is given by,

Gr.p

qwgaﬂ
r=% \/() Rel

The boundary conditions at the wall z = b of
the needle and far away from the needle wall
{z — o0) are,

an

1

=0, Kp)= - 5

g9(b) = g'(b)

g'(0) =3 h(o) =

For free-convection dominated flows at large
values of I', following [2], we used the trans-
formations,

(18)

¢1 = va)(zl)s

9y v
t - tw = ;—\/(z) x*kl(zl) (19)
r 4.98 [(v\]
Zl-—-a-x—*, é—[:—;—;z— ;‘;’) .
The similarity equations are now given by,
82,97 + 847 + 49,97 + h,
12 3
i BT
59 + S 0 (0
z,h) + (1 + 3Prg ) b, — HPrhg, =0. (21
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The corresponding boundary conditions at the
wall z, = b, and at a distance far away from the
needle are,

gl(bl) = gll(b1) =0, hl](bl) = -

(22)

gy(©) = ,T\/L(ﬁ, and, h,(0) =0.

When I' —» oo, equations (20) and (21) and
boundary conditions (22) are the same as those
obtained by us previously [ 7]. Incidentally these
equations are the same as those obtained by
Nagendra et al. [9] for I' - oo. The different
form of equations (5a)«5c) in [9] is due to the
use of slightly different transformation variables.

(iii) Heat transfer and skin-friction parameters

For isothermal wall needles, we define the
local Nusselt number Nu_and the skin-friction
coefficient by Cf_ by,

x(0t/or), _,

Nux = —(t—_——['LT = ——2\/((1) 0’((1) Rei (23)
and,
of, = poOu[O),y _ 8/(@)f"(@Re;t.  (24)

3pU(x)?

For uniform wall heat flux needles, the corre-
sponding parameters are defined as,
B Ret

4. x (25)

N =~ 1) h)

and,

Cf, = 8./(b)g"(b) Re * (26)

The various similarity equations (6) and (7),
(11) and (12), (15) and (16) and (20) and (21) were
solved numerically using initial value “shooting”
methods.

DISCUSSION OF RESULTS

(i) Isothermal wall needles
The non-dimensional axial velocity profiles,
f' = u/2U(x) are shown in Fig. 1 for Prandtl
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FiG. 1. Non-dimensional axial velocity, f(n), and tempera-
ture, 6(y) profiles for various values of A. Pr = 0733,
a=10"1,

number, Pr = 0-733, needle size, a = 107!, and
for various values of A. For 4 = 0, the gravity
induced free-convection is absent and the flow
is forced convection over the needle in a variable
axial free-stream. This situation is different
from the previously considered forced-convec-
tion over the needles in uniform stream [3-5].
Theinduced convection increases with increasing
values of 4 as could be noted by the rapid in-
crease in the amount of maximum velocity. For
4 = 20, the free-convection becomes dominant
over the forced convection. In such a case
transformed similarity equations in terms of
fi» n1- 84, etc. were solved numerically to obtain
non-dimensional axial velocity profiles. Hence a
crude limit for free-convection dominated flow
regime is where,

Gr, = 20(Re ). 27
The lower part of Fig. 1 shows the corresponding
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variation of non-dimensional temperature func-
tion 8(n). With increasing values of 4, the rate
of heat transfer from the needle increases, and
hence the thermal boundary layer thickness
decreases rapidly. For a given value of 1 and the
needle size, the broken curves in Fig. 2 show that
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FiG. 2. Non-dimensional axial velocity, f'(y), and tem-

perature, 8{x) profiles, (i) for various values of Pr,a = 101,

A = 10 {broken curves), and (i) for various needle sizes
Pr = 0733, 4 = 10 (solid curves),

the convective effects are suppressed whereas
heat transfer rates increase rapidly with increas-
ing value of Prandtl number. This is due to the
increase in viscous diffusion over thermal
diffusion with increasing values of Prandtl
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number. Caused by the boundary layer approxi-
mations, the above transfer behaviors are
similar to that in the case of flat plates [1, 2].
Hence we conclude that for a preassigned value
of the needle size, the flow and transfer behaviors
are quite similar to those encountered with flat
plates [3, 5-7].

The important features arising from the
variation in the sizes of the needles are computed
next. Foragivenvalueof 4 = 1-0and Pr = 0-733,
we have shown f’() and 6(y) variations in Fig. 2
(solid curves) for two needle sizes. With pro-
gressively decreasing needle sizes, the convective
increase in motion is rather slow, and hence the
boundary layer thickness decreases very slowly
in such a case. This slow rise in convection rates
results in a slow increase in heat transfer rates.
Hence the thermal layer seems to decrease very
slowly in the present case.

Table 1. Values of F, and F, for Pr = 0733

Needle sizes a=10"1 a=10"%
A F, F, F, F,
1-0 1-0 1-0 0-50 0-687
10-0 1-18 1-02 0-695 0710
200 108 0970 0628 0675
50-0 0905 0905 0533 0615
1000 0754 0-862 0450 0578

The Nusselt number and skin-friction co-
efficients could be expressed as,

Nu

Wy =1+ 00 R @PL) ()
x/A=0Q
and,
Cf
—Px 14033510874
(Cfx)£=0
x Fy(a,Pr,7). (29)

We have tabulated functions F (a, Pr, i) and
log,,(1/a) F,(a, Pr, 1) for Pr = 0733, needle
sizes, a = 1074, 10~2 and for various values of
4 in Table 1. The Nusselt number was found
to increase (i) with increasing values of A for a
given value of Prandtl number and needle size,
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(i1) with increasing values of Prandtl number for
given values of 1 and needle size, and, (iii) with
decreasing needle sizes at given values of A and
Pr. The skin-friction coefficient at a given value
of local Reynolds number increases (i) with
increasing value of 4 at a given needle size and
Pr, (ii) with decreasing values of Prandtl number
for given values of A and needle size, and (iii) with
decreasing needle sizes at given values of A and
Pr.

(i) Uniform wall heat flux needles
The uniform wall heat flux needles have
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FiG. 3. Non-dimensional axial velocity, g'(y), and tem-
perature, h(y) profiles for various values of I', Pr = 0733,
b=10"1

similar flow and transfer characteristics as those
of isothermal wall temperature needles. The
only major difference is in the value of wall
temperature which varies according to the
strength of convection to keep the flux rate
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constant. Figure 3 shows the axial velocity
function ¢’ = u/2U(x) and temperature function
h(z) for given Pr = 0-733, needle size b = 1077,
and for various values of I'. The temperature at
the wall decreases with increased convection
rates such that the uniform wall heat-flux
condition is always maintained. The broken
curves in Fig. 4 show that the influence of the
Prandtl number on convection and heat transfer
is similar to that in the isothermal case. The
solid curves in Fig. 4 show the influence of a
variation of needle sizes at a fixed value of
Pr = 0733 and I = 1-0, on velocity function
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FiG. 4. Non-dimensional axial velocity, g'(), and tem-

perature, h(y) profiles, (i) for various values of Pr.b = 107",

I = 10 (broken curves), and (ii) for various needle sizes,
Pr = 0733, T = 1-0 (solid curves).

g'(z) and temperature function h(z). Except for
the wall temperature changes, the basic nature
of flow and heat transfer are similar to those in
the case of isothermal needles.
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The approximate relations for Nusselt number
and skin-friction coefficient could be obtained
as,

Nu

—_—= _ — 14 0'02(F)°'682F3(b, Pr,I) (30)
(Nu)r-o
and,
Cf
—x =1 4+ 01874
(o )
Fu b, Pr,I) 31

where F; and F, are shown in Table 2. Equations
(28) and (30) show that the Nusselt number
ratio decreases in the case of uniform flux wall

Table 2. Values of F; and F, for Pr = 0-733

Needle sizes b=10"" b=10"2
r F, F, F, F,
10 1-0 10 017 0353
10-0 1-145 1-065 0-364 0412
20-0 1-10 1-005 0-390 0406
50-0 0940 0-892 0-382 0391
1000 0795 0-825 0-348 0370

needles. Similar observations on the Nusselt
number ratio have been made by Fujii and
Uchara [10]. The Nusselt number and skin-
friction coefficient have similar variation with
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various parameters involved as those described
for isothermal wall needles.
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CONVECTION MIXTE AUTOUR D’AIGUILLES FINES

Résumé—On considére le probléme du transfert thermique par convection laminaire mixte sur une fine

aiguille verticale dans un courant externe variable. On a trouvé les solutions de similarité pour des aiguilles

avec paroi isotherme et pour des aiguilles avec flux thermique pariétal uniforme. Pour une taille d’aiguille

donnée les comportements de I'écoulement et du transfert thermique sont semblables 4 ceux considérés

pour des plaques planes. Le nombre de Nusselt et les coefficients de frottement pariétal croissent inverse-

ment aux tailles des aiguilles pour des valeurs données du nombre de Prandtl, du nombre local de Reynolds
et du nombre local de Grashof.

Zusammenfassung—Das Problem laminarer, kombinierter erzwungener und freier konvektiver Wiir-

meiibertragung von einer diinnen Nadel bei verdnderlicher Anstrdmung wird behandelt. Die dhnlichen

Lésungen fiir Nadeln mit isothermen Winden und Nadeln mit einheitlichen Wandwirmestromen wurden

erhalten. Fiir einen gegeben Wert der Nadelform sind Strémungs- und Warmeiibertragungsverhalten

dhnlich denen, die man bei flachen Platten erhilt. Die Nusselt-Zahl und der Oberflichenreibungskoeffizient

erhShen sich mit abfallender Nadelform fiir bestimmte Werte von Prandtl-Zahl, lokaler Reynolds-Zahl
und lokaler Grashof-Zahl.
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TENJOOBMEH I1PU BbIHYHIEHHON 1 CBOBOJHOI KOHBERIIUU ¥
TOHKNX CTEPKHEN

AnmHoTanua—PaccmarpuBaeTcs 3ajada 0 COBMECTHOM TeNJ000MEHe MeM/ly BepTHRAIbHBIM
TOHKHMM CTep;KHEM U IlepeMeHHOIl BHelNHelt Cpefoll UpH KaNUIIAPHON BBIHYKICHHOM U
cBoGogHolt KomuBekIuu. IlodydyeHH ABTOMOjeTbHEIE pellleHUA [JA CTep:Hed ¢ 130Tepmu-
YECKAMH TPAHUIAMHI M CTepIKHEH ¢ OJHOPOIHBIMU TEIJIOBHIMH MOTOKAMH Ha cTeHKax. /las
CTepPIKHSA NAHHOTO pA3Mepa PEMHUMEl TeUeHHMs U TefiooGMeHa CXONHBI ¢ peRUMAMH JIJA
naocKuX rracTHH. [Ipn 3amaHHBEIX 3HAYeHMAX 4vHcaa [IpaHATaA, JIOKAALHBIX YHCe]
Peitnonyica u 'pacroda ymciro Hycceapra 1 koaQ@uumeHTH TOBEPXHOCTHOTO TPEHUA
VBEJIMYHMBAIOTCA ¢ VMEHBIIEHeM Pa3sMepob CTEPHIHA.



